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Abstract
Employing the asymptotic instanton solution in an arbitrary background of a set of holographic
QCDmodels, we show that baryon form factors have a precise large-distance behaviour regardless of
the background. The dependence coincides with that obtained from general chiral soliton models
and large-NC chiral perturbation theory. The nonlinear terms in the equations of motion are
necessary to recover the correct results. We also show that the holographic currents have the right
structure at low energy if the solutions of the full equation of motion, instead of the linearized
ones, are used. The indication is that in this holographic approach, the linearized approximation
used in the meson sector is not appropriate for the solitonic description of the baryons.
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I. INTRODUCTION
In recent years, progress has been made in understanding aspects of QCD employing the
duality between a gravity theory in a 5-dimensional space-time and a strong coupled gauge
theory on the boundary, the so-called gauge/gravity duality [1–3]. Generalizations of the
original duality involving N = 4 super Yang-Mills theory at large NC towards QCD have
been made in many directions. A class of models, remarkably successful in hadron physics,
was constructed in ref. [4] using early ideas of dimensional deconstruction and hidden local
symmetry. An explicit string construction of this kind of models was the Sakai-Sugimoto
model [5], obtained embedding D8/D8 flavor branes into the D4 background [6]. Models in
this class describe very well many properties of hadron physics [4, 5, 7, 8]; in particular, they
reproduce the chiral perturbation theory (χPT ) Lagrangian automatically, with reasonable
values of the low-energy constants (LECs) up to O(p6) [7–9]. Moreover, various relations,
among different LECs [9] and between different amplitudes [9–11], are found in this class of
models. Although such relations have not yet been proved exactly, numerical results show
that they are useful estimates at large NC . This confirms the interest for this class of models,
that we now apply for an analysis of baryons.
The description of baryons as solitonic objects in the mesonic theory started with
Skyrme’s early work [12–14], later justified through the large NC expansion [15, 16].
Gauge/gravity duality identifies baryons as D-branes wrapping some compact extra dimen-
sions [17], e.g., D4 branes wrapping a sphere S4 in the D4 background [5]. Actually, the
wrapping branes can be described as the instanton configuration of resulting effective ac-
tion of the flavor branes [18, 19]. Equivalently, baryons can be considered as generalized
Skyrmions with the inclusion of an infinite number of vector/axial-vector resonant excita-
tions [20]. Due to the inclusion of the resonance fluctuations, together with the presence of
the Chern-Simons (CS) term, significant improvements in the description of baryon prop-
erties have been achieved [18–21] with respect to the results in the Skyrme model [22].
However, it has been pointed out that the instanton description in the Sakai-Sugimoto
model fails to reproduce a few model-independent relations for the baryon form factors at
large distance, while the treatment in refs. [20, 21] in an analogous model reproduces the
expected asymptotic behavior [23]. This would be puzzling, since both models actually be-
long to the same class [9, 10, 24]. It was argued that the failure to reproduce the correct
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infrared behavior in the Sakai-Sugimoto model can be attributed to the linear approximation
taken there [25]. Indeed, renouncing this approximation and solving asymptotically the full
instanton equations, the expected large-distance behavior is recovered [25].
However, it is still not clear if in all the models of this class, the same asymptotic behaviour
of the form factors can be obtained. In ref. [26] this was claimed to be true on the basis
of two features of the instanton description: 1) the 5-dimensional Yang-Mills (YM) plus
Chern-Simons action reduces exactly to the Skyrme action when truncated to the pion
sector, and 2) the Skyrmion generated from the flat-space instanton preserves the right
infrared behavior. Here we explicitly prove this statement, generalizing the asymptotic
instanton solutions found in [21, 25] to an arbitrary background. A few ambiguities in the
solutions are clarified during our analysis. We also find that, as in the mesonic sector,
model-independent results exist in the baryonic sector. This represents a continuation of
early investigation of model-independent relations in the Skyrme model [27].
The paper is organized as follows. In the next section we give a short introduction to the
class of holographic models of interest, and in particular we show that the chiral currents
reduce at low energy to those expected from χPT. In section III we obtain the asymptotic
instanton solutions in a general background. The asymptotic baryon form factors at large
distance are derived in section IV. In the last section we summarize our results.
II. HOLOGRAPHIC DESCRIPTION OF BARYONS
A. Action and currents
We consider a class of holographic models defined by the Yang-Mills and Chern-Simons
action [4, 5]
S = SYM + SCS, (1)
with
SYM = −
∫
d4xdz tr
[
−f 2(z)F2zµ +
1
2g2(z)
F2µν
]
, (2)
SCS = −
Nc
24π2
∫
tr
[
AF
2 +
i
2
A3F −
1
10
A5
]
. (3)
The fifth coordinate z runs from −z0 to z0, with 0 < z0 ≤ +∞. A(x, z) = Aµdx
µ + Azdz,
with µ = 0, 1, 2, 3, is a 5D U(2) gauge field, and F = dA − iA ∧ A is the field strength.
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They are decomposed as A = Aˆ
1
2
+ Aa
σa
2
and F = Fˆ
1
2
+ F a
σa
2
in terms of the unit and
Pauli matrices. The functions f 2(z) and g2(z) are invariant under reflection z → −z, so
that parity can be properly defined in the model. They are kept arbitrary in our derivation;
just for providing the reader with two examples, in the so-called “Cosh” model they read [4]
f 2(z) =
Λ2 cosh2(z)
g25
, g2(z) = g25 , z0 =∞, (4)
while in the “Sakai-Sugimoto” model their expression is [5, 8]
f 2(z) =
Λ2(1 + z2)
g25
, g2(z) = g25(1 + z
2)1/3 , z0 =∞, (5)
with Λ and g5 model parameters.
The CS action is constructed implicitly in the gauge with vanishing gauge potential at
the boundaries and, as a result, the boundary term vanishes. In general, the CS action may
acquire nonzero boundary terms: for example, in the gauge Az = 0, additional boundary
terms may appear, but the form of the boundary terms are completely fixed by the gauge
transformation [8]. The action (1) reduces at low energy to the corresponding terms in
χPT Lagrangian, in particular to the Skyrme term in the even-parity sector and to the
Wess-Zumino-Witten (WZW) term in the odd-parity sector [8, 9].
Baryons are described by the instanton solution of the equations of motion derived from
the action:
2
[
Dν
( 1
g2(z)
F
νµ
)
−Dz
(
f 2(z)Fzµ
)]
−
Nc
32π2
ǫµNPQRFNPFQR = 0, (6)
2Dµ
(
f 2(z)Fµz
)
+
Nc
32π2
ǫµνρσFµνFρσ = 0, (7)
where µ, ..., σ = 0, 1, 2, 3, N, ..., R = µ, z, Dµ = ∂µ − iAµ, Dz = ∂z − iAz. The 5D anti-
symmetric tensor is chosen as ǫ0123z = ǫ0123 = 1.
In the meson sector the so-called bulk-to-boundary propagator is used to calculate cor-
relation functions and form factors. In the baryon sector it is more convenient to express
the currents through the on-shell solutions [19, 20]. Following the idea in ref. [4], one first
introduces the sources as the boundary values of the gauge field:
Aµ(x,−z0) = ℓµ(x) , Aµ(x, z0) = rµ(x) . (8)
The currents are then read from the action through the linear coupling
S|O(ℓµ,rµ) = −2
∫
d4x tr(ℓµJ
µ
L + rµJ
µ
R), (9)
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with the results [19]:
JLµ = −
(
f 2(z)Fµz
) ∣∣∣
z=−z0
, JRµ =
(
f 2(z)Fµz
) ∣∣∣
z=+z0
. (10)
The vector and axial currents are then given by
JV µ = JLµ + JRµ =
[
f 2(z)Fµz
]z=+z0
z=−z0
, JAµ = JRµ − JLµ =
[
ψ0(z)f
2(z)Fµz
]z=+z0
z=−z0
, (11)
with the decomposition J = Jˆ
1
2
+ Ja
σa
2
, and ψ0(z) defined below. The baryon number
current, JµB =
2
Nc
JˆµV , ensures through (6) that the baryon number is given by the instanton
number of the solution [19],
B =
1
64π2
∫
d3xdz ǫmnpqF
a
mnF
a
pq, (12)
where m, ..., q = 1, 2, 3, z. Notice that the definition (9) is different from the usual one by a
minus sign, thus the nucleons will be described by instantons with B = −1.
B. Linear approximation
The above prescription is quite different from that in the meson sector, where we obtain
the meson fields from the linearized equation of motion
∂z [f
2(z)∂zAµ(q, z)] = −q
2Aµ(q, z)/g
2(z) (13)
which give normalizable solutions ψn(z) for the massive resonances (q
2 = m2n) and a massless
mode ψ0(z) corresponding to the pion. In the presence of the chiral sources ℓµ(x) and rµ(x),
the 5D gauge potential Aµ can be expanded as [8, 9]
Aµ(x, z) = ℓµ(x)ψ−(z) + rµ(x)ψ+(z) +
∞∑
n=1
vnµ(x)ψ2n−1(z) +
∞∑
n=1
anµ(x)ψ2n(z) , (14)
with ψ±(z) =
1
2
(1 ± ψ0(z)). The fifth component of the gauge potential is related to the
pionic field through a Wilson line:
U(x) = exp{2i Π(x)/fπ} = Pexp
{
i
∫ +z0
−z0
Az(x, z
′)dz′
}
. (15)
Explicitly, one has
Az(x, z) = Π(x)φ0(z), (16)
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with φ0(z) = ∂zψ0(z)/fπ. Substituting the decomposition into the currents, one obtains the
vector and axial-vector currents [7, 19]
JV µ =
∞∑
n=1
gvnv
n
µ , JAµ = fπ∂µΠ +
∞∑
n=1
gana
n
µ , (17)
with the couplings
gvn = −f
2(z)∂zψ2n−1(z) |
+z0
−z0
, gan = −f
2(z)ψ0(z)∂zψ2n(z) |
+z0
−z0
, (18)
and the pion decay constant [10]
f 2π = 4
(∫ z0
−z0
dz
f 2(z)
)−1
. (19)
A generalized vector-meson-dominance (VMD) structure for the meson system emerges with
the obtained expression of the vector current [8]. The two-point correlators can be calculated
immediately from the currents (17), and read
ΠV (−q
2) =
∞∑
n=1
g2vn
m22n−1(−q
2 +m22n−1)
, ΠA(−q
2) = −
f 2π
q2
+
∞∑
n=1
g2an
m22n(−q
2 +m22n)
. (20)
They have the expected resonance structure, which has also been derived through the bulk-
to-boundary propagators [9, 10].
In ref. [19] this linear approximation was applied to describing the baryons in the Sakai-
Sugimoto model, obtaining a similar VMD picture for nucleons. In such an approximation,
the static solutions for the resonance fields in (17) are given, after Fourier transforming to
the coordinate space, by the Yukawa potential Yn(r),
Yn(r) = −
1
4π
e−mn r
r
. (21)
As a result, the baryon electromagnetic form factors exhibit an exponentially decreasing
behavior at large distance, with no pionic contributions [23]. A manifestation of this fact is
that the isovector charge radius is finite in the chiral limit with such an approximation [19].
In ref. [25] it was shown that, solving the full set of equations of motion, the correct
power behavior can be recovered in this model. In the following sections we give a model-
independent derivation for the form factors, showing that the linear approximation used in
the meson sector is not suitable for describing baryons, and that the resulting VMD picture
for nucleons is doubtful. The key point is that the non-linear terms in the full equations
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of motion cannot be neglected: these terms make the pion and the resonance contributions
fully entangled, with no way to clearly separate them.
Using the linear approximation, also the holographic expressions for the currents (10)
and (11) are doubtful [28]. This point can be suitably clarified in the gauge Az = 0, where
all the elements can be compactly included in the gauge potential [7, 9],
Aµ(x, z) = iΓµ(x) +
uµ(x)
2
ψ0(z) +
∞∑
n=1
v˜nµ(x)ψ2n−1(z) +
∞∑
n=1
a˜nµ(x)ψ2n(z) , (22)
and the commonly used tensors in χPT [29–32], uµ(x) and Γµ(x), show up naturally:
uµ (x) ≡ i
{
ξ†R (x) (∂µ − irµ) ξR (x)− ξ
†
L (x) (∂µ − iℓµ) ξL (x)
}
(23)
Γµ (x) ≡
1
2
{
ξ†R (x) (∂µ − irµ) ξR (x) + ξ
†
L (x) (∂µ − iℓµ) ξL (x)
}
. (24)
Substituting the decomposition (22) in Eq. (10), and throwing away the resonance contri-
butions, the currents reduce to
JLµ =
f 2π
4
ξLuµξ
†
L, JRµ = −
f 2π
4
ξRuµξ
†
R, (25)
hence, only the leading term in χPT, the non-linear sigma term, appears [28]. How can
we reproduce the other terms in the currents, e.g., those related to the Skyrme and the
WZW term? To solve this problem a different definition of the currents was proposed [28].
However, using the full equations of motion it has been shown that the U(1) part of the
vector current in Eq. (11) consistently gives the baryon number [19]. Here we follow the
same idea and show that the currents (10) and (11) have the right infrared structure if we
use the solution to the complete equation (6) instead of the linear one (13).
At low energy, the asymptotic solution to the full equation (6) can be obtained recursively:
one first rewrites (10) as integrals over z, then replaces the integrands by the remaining terms
in Eq.(6), and finally substitutes the linear expansion (22) [19]. As a result, the currents
contain the pionic terms
JLµ = ξL
{
f 2π
4
uµ +
1
16e2S
[uν, [uµ, uν ]]
+
i
2
L9∇
ν [uµ, uν]−
1
4
L9[u
ν , [uµ, uν]]−
iNC
96π2
ǫµναβu
νuαuβ
}
ξ†L,
JRµ = ξR
{
−
f 2π
4
uµ −
1
16e2S
[uν , [uµ, uν]]
+
i
2
L9∇
ν [uµ, uν] +
1
4
L9[u
ν , [uµ, uν ]]−
iNC
96π2
ǫµναβu
νuαuβ
}
ξ†R. (26)
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Higher power terms can be obtained recursively. The covariant derivative ∇ is defined with
respect to the vector connection Γµ: ∇µX ≡ ∂µX + [Γµ, X ]. The Skyrme parameter eS and
the coupling L9 are given by [7–9]
e−2S = 32 L1 = 16 L2 = −
16
3
L3 =
∫ z0
−z0
(1− ψ20)
2
g2(z)
dz ,
L9 = −L10 =
1
4
∫ z0
−z0
1− ψ20
g2(z)
dz . (27)
In Eqs.(26) we have exactly the currents obtained from the χPT Lagrangian in the chiral
limit up to order O(p4). The expected parts corresponding to the nonlinear sigma term, the
Skyrme term and the WZW term are present. In addition, one finds two terms multiplied by
the coefficient L9, which are due to the operator O9 = −i < f+µνu
µuν > in the O(p4) chiral
Lagrangian with sources, with the covariant tensors fµν± ≡ ξ
−1
L ℓ
µνξL ± ξ
−1
R r
µνξR containing
the field-strengths ℓµν and rµν of the left and right sources, respectively. This kind of terms
are necessary for the description of the electromagnetic property of pions, and should be
included if one wants to describe pions and nucleons in the same model [33]. Hence, the
nonlinear terms in the equations of motion are necessary to reproduce the corresponding
terms in the currents.
Our conclusion is that the currents in Eqs. (10) and (11) have the expected structure at
low energy provided that one makes use of the solution of the full equation. In addition,
as found long ago by Atiyah and Manton [34], the Skyrmion solution generated from the
flat-space instanton has the 1/r2 pion tail at large distance. Based on these two facts, it
has been claimed that all the baryonic form factors have the correct infrared behavior in
this class of holographic models [26]. Here we demonstrate this statement in the following
sections using the asymptotic instanton solutions.
III. ASYMPTOTIC INSTANTON SOLUTIONS
A. Static solution
The asymptotic instanton solutions of Eqs. (6,7) are required for studying various form
factor properties. First, let us look for the static instanton solution. Following ref. [35], the
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cylindrical symmetric ansatz can be employed [20, 25]:
A¯aj = −
φ2 + 1
r2
ǫjakxk +
φ1
r3
[δjar
2 − xjxa] + Ar
xjxa
r2
,
A¯az = Az
xa
r
, (28)
ˆ¯A0 = s,
with φ1, φ2, Ar, Az and s functions of z and r. As for the time-independent solutions, A¯
a
0
vanishes, as well as the components ˆ¯Aj are
ˆ¯Az. With these fields the static mass energy can
be expressed as
M = MYM +MCS, (29)
in terms of
MYM = 16π
∫ ∞
0
dr
∫ z0
−z0
dz
[
1
g2(z)
|Drφ|
2 + f 2(z)|Dzφ|
2 +
r2
4g2(z)
F 2αβ
+
1
2g2(z)r2
(1− |φ|2)2 −
1
2
r2
(
1
g2(z)
(∂rs)
2 + f 2(z)(∂zs)
2
)]
(30)
and
MCS = 16πγ
∫ ∞
0
dr
∫ z0
−z0
dz s ǫαβ [∂α(−iφ
∗Dβφ+ h.c) + Fαβ ]. (31)
In the above equations we have Fαβ = ∂αAβ − ∂βAα with α, β = r, z, φ = φ1 + iφ2,
γ = Nc/(16π
2), and the 2D anti-symmetric tensor chosen as ǫrz = −ǫzr = 1. BothMYM and
MCS scale as NC , because f
2(z) and g−2(z) contain a factor of NC as the constant γ [11].
The covariant derivative is defined with respect to Aα: Dαφ = ∂αφ − iAαφ. The instanton
number reduces to
B =
1
4π
∫ ∞
0
dr
∫ z0
−z0
dz ǫαβ [∂α(−iφ
∗Dβφ+ h.c) + Fαβ ]. (32)
From the CS term one reads the coupling between the baryonic current and the U(1) part.
The equations of motion follow from minimizing the static energy:
Dr
(
1
g2(z)
Drφ
)
+Dz
(
f 2(z)Dzφ
)
+
1
g2(z)r2
φ(1− |φ|2)− iγǫαβ∂αsDβφ = 0, (33)
∂r
(
r2f 2(z)Frz
)
− f 2(z) (iφ∗Dzφ+ h.c.)− γǫ
rz∂rs(1− |φ|
2) = 0, (34)
∂z
(
r2f 2(z)Fzr
)
−
1
g2(z)
(iφ∗Drφ+ h.c.)− γǫ
zr∂zs(1− |φ|
2) = 0, (35)
∂r
(
r2
g2(z)
∂rs
)
+ ∂z
(
f 2(z)r2∂zs
)
+ γǫαβ [∂α(−iφ
∗Dβφ+ h.c.) + Fαβ] = 0. (36)
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Suitable boundary conditions to solve these equations are needed. For the two dimensional
system the choice of the Lorentz gauge ∂αA
α = 0 is convenient [35]. Moreover, we require all
the components except Az in the ansatz (28) vanish at the boundary, r → ∞ or z → ±z0,
to keep the action finite. For Az, a consistent boundary condition with the Lorentz gauge
is chosen as ∂zAz = 0. The boundary condition at the point r = 0 is fixed by requiring
B = −1, which is not relevant for our asymptotic solutions. As for the infrared point z = 0,
the boundary conditions are automatically satisfied due to the parity of the various fields:
φ1 and Ar are odd under z → −z, while φ2, s and Az are even functions of z.
The instanton solutions at large distance r can be found term by term in the expansion
of 1/r. The asymptotic (r →∞) solutions are given by:
φ1 =
β[z − z0ψ0(z)]
r2
−
βz(z2 − z20)− 6β[z0σ(z)− zσ(z0)]
r4
+ O(1/r6),
φ2 = −1 +
β2(z2 + z20)− 2β
2zz0ψ0(z)
2r4
+ O(1/r6),
Az =
β
r2
+
β(z20 − 3z
2) + 6β[z0ω(z)− χ(z0)]
r4
+ O(1/r6), (37)
Ar = −
2β[z − z0ψ0(z)]
r3
+
4βz(z2 − z20)− 24β[z0σ(z)− zσ(z0)]
r5
+ O(1/r7)
s =
γβ3z30
f 2π
ψ40(z)− 6ψ
2
0(z) + 5
r9
+ O(1/r11),
where ω(z) =
∫ z
0
ψ0(z)dz and σ(z) =
∫ z
0
ω(z)dz. Taking the metric functions f 2(z) and
g2(z), together with ψ0(z), in the hard-wall model and the Sakai-Sugimoto model [5, 7, 9],
the previously found solutions in these models [21, 23, 25] are reproduced. Some discussions
are in order. First, the solutions (37) are given for general backgrounds, with arbitrary
metric functions f 2(z) and g2(z) and the corresponding values of z0. There is a special case
with z0 =∞, which appears in the “Cosh” and in the Sakai-Sugimoto models. In this case
the solutions in Eq. (37) are not well defined [25]. One can still use the formal solutions for
further calculations, keeping z0 finite and sending z0 to infinity only as a final step. It is
argued that this formalism is related to the renormalization procedure [25]. However, the
background with infinite z0 is just a special case of this class of models: in fact, for any
specifical background we can choose different kind of coordinates, making z0 infinite or not.
It is hard to believe that only in some specifical coordinate system renormalization is needed.
Thus, the apparent divergence in the solutions (37) when z0 = ∞ is a kind of coordinate
singularity.
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As shown in the appendix of ref. [11], for any backgrounds there is always a special
coordinate choice in which f˜ 2(y) =
f 2π
2
, the coordinate y being chosen as
y = ψ0(z). (38)
In such a coordinate system the boundary is located at y = ±1. One finds that, using the
y coordinate, the solutions (37) simplify to
φ1 = O(1/r
6),
φ2 = −1 +
β20(1− y
2)
2r4
+ O(1/r6),
Az =
β0
r2
+ O(1/r6), (39)
Ar = O(1/r
7),
s =
γβ30
f 2π
(y2 − 1)(y2 − 5)
r9
+ O(1/r11).
Now the fields are well defined, and no divergence appears. Although the infrared behavior
of some fields is quite different, the results for physical observable remain unchanged, as
discussed in the next section.
Concerning the determination of the parameter β in (37), it has been pointed out that
it is related to the axial coupling gA, the value of the axial form factor at zero momentum
transfer gA(0) [21]. The axial form factor gA(q
2) is defined as from the matrix element
〈N, p|JA,aµ (0)|N
′, p′〉 = u¯N(p)
(
τa
2
)
[γµγ5gA(q
2) + qµγ5hA(q
2)]uN ′(p
′), (40)
with q = p − p′. To keep the action finite when z0 is taken to infinity, β should vanish as
1/z0 [25]. This information is useful: indeed, the axial coupling can be computed through
the asymptotic solutions, as in [35]. We find that gA is completely determined by β. The
calculation is in the next section, here we use the same argument as in the Skyrme model
to figure out the relation between β and gA. First, we construct the chiral field U in the
model with Eq. (15), which then represents the pseudoscalar part of the solution, i.e, the
Skyrmion. From the static instanton solution we obtain
F (r)→ βz0/r
2, r →∞ , (41)
for F (r) in the Skyrmion profile U = exp[iσaxaF (r)/r]. As shown in [35], the coefficient of
this term is related to gA,
βz0 =
3gA
8πf 2π
, (42)
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or, for the solutions in the y coordinate,
β0 =
3gA
8πf 2π
. (43)
This relation has already been implicitly indicated in the hard wall model [21]. If z0 is taken
to infinity, β vanishes as 1/z0; hence, only the combination βz0 must appear in physical
quantities.
B. Rotation and quantization
Let us consider the rotation of the static solution. It can be expressed in the form
Am = A(t)A¯mA
†(t), Aˆ0 =
ˆ¯A0,
A0 = A(t)A¯0A
†(t) + iA(t)∂tA
†(t), Aˆm =
ˆ¯Am, (44)
together with the following ansatz for the fields which vanish in the static solutions [21, 25]:
A¯a0 = kb
[
χ1ǫ
abcxˆc − χ2(δ
ab − xˆaxˆb)
]
+ v(~k · xˆ)xˆa, (45)
ˆ¯Ai =
ρ
r
(ki − (~k · xˆ)xi) +Br(~k · xˆ)xˆi +Qǫibck
bxˆc, (46)
ˆ¯Az = Bz(~k · xˆ), (47)
with xˆi = xi/r. The rotation velocity K is defined as
K = kaσ
a/2 = −iA†dA/dt (48)
and takes a constant value in the semiclassical approximation. These fluctuations contribute
to the rotational energy of the instanton,
L = −M +
Λ
2
kak
a. (49)
The moment of inertia Λ is given by
Λ =
16π
3
∫ ∞
0
dr
∫ −z0
z0
dz
[
−
1
g2(z)
(Drρ)
2 − f 2(z)(Dzρ)
2 −
r2
g2(z)
(∂rQ)
2 − r2f 2(z)(∂zQ)
2
− 2
1
g(z)
Q2 −
r2
2g2(z)
B2αβ +
r2
g2(z)
|Drχ|
2 + r2f 2(z)|Dzχ|
2 +
r2
2g2(z)
(∂rv)
2 +
r2
2
f 2(z)(∂zv)
2
+
1
g2(z)
(|χ|2 + v2)(1 + |φ|2)− 4vφpχp + γ
(
− 2ǫαβDαρχp(Dβφ)p
12
+ 2ǫαβ∂α(rQ)χpǫ
pq(Dβφ)q − v(ǫ
αβBαβ(|φ|
2 − 1)/2 + rQǫαβFαβ + 2rQǫ
αβDαρ∂βs)
)]
,
(50)
where p, q = 1, 2, χ = χ1+iχ2, Dαχ = ∂αχ−iAαχ, Dαρ = ∂αρ−Bα, and Bαβ = ∂αBβ−∂βBα
is the field strength of Bα. Although the explicit form of the moment of inertia (50) is quite
involved, the structure of the Lagrangian (49) is the same as that in the Skyrme model [22].
The masses of different baryonic states are then given by
E = M +
1
2Λ
J(J + 1). (51)
An immediate consequence is that the nucleon-delta mass splitting is ∆ =
3
2Λ
. Since Λ
scales the same as M at large NC , the mass splitting is of order 1/NC . The equations can
be obtained by minimizing the energy:
1
r2
∂r(r
2∂rv) + g
2(z)∂z(f
2(z)∂zv)−
2
r2
(v(1 + |φ|2)− χφ† − φχ†)
+
γg2(z)
r2
[(|φ|2 − 1)Brz + 2rQFrz] = 0,
1
r2
Dr(r
2Drχ) + g
2(z)Dz(f
2(z)Dzχ) +
1
r2
(2vφ− (1 + |φ|2)χ)
−
γg2(z)
r2
ǫαβ(Dαφ(i∂βQ+Dβρ) = 0,
1
r2
∂r(r
2∂rQ) + g
2(z)∂z(f
2(z)∂zQ)−
2
r2
Q
−
γg2(z)
2r
ǫαβ [(iDαφ(Dβχ)
† + h.c.) + Fαβ(2v − χφ
† − φχ†)/2− 2Dαρ ∂βs] = 0,
∂r(Drρ) + g
2(z)∂z(f
2(z)Dzρ)−
γg2(z)
2
ǫαβ [(Dαφ(Dβχ)
† + h.c.)
+ iFαβ(φχ
† − χφ†)/2 + 2∂α(rQ)∂βs] = 0,
g2(z)∂z(f
2(z)Bzr) +
2
r2
Drρ+
γg2(z)
r2
[((χ− vφ)(Dzφ)
† + h.c.) + (1− |φ|2)∂zv − 2rQ∂zs] = 0,
1
r2
∂r(r
2Brz) +
2
r2
Dzρ−
γ
r2f 2(z)
[((χ− vφ)(Drφ)
† + h.c.) + (1− |φ|2)∂rv − 2rQ∂rs] = 0.
(52)
Choosing the 2D Lorentz gauge for Bα [21], the boundary conditions of the component
fields are completely determined by the static solution, together with the properties under
z → −z. The corresponding solutions read:
χ1 =
β[z − z0ψ0(z)]
r2
−
βz(z2 − z20)− 6β[z0σ(z)− zσ(z0)]
r4
+ O(1/r6),
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χ2 = −1 +
β2(z2 + z20)− 2β
2zz0ψ0(z)
2r4
+ O(1/r6),
v = 1−
2β2z20
f 2π
v(6)(z)
r6
+ O(1/r8),
Q = +
γβ3z30
f 2π
ψ40(z)− 6ψ
2
0(z) + 5
r8
+ O(1/r10), (53)
Bz =
βˆ
r2
+
βˆ(z20 − 3z
2) + 6βˆ[z0ω(z)− σ(z0)]
r4
+ O(1/r6),
Br = −
2βˆ[z − z0ψ0(z)]
r3
+
4βˆz(z2 − z20)− 24βˆ[z0σ(z)− zσ(z0)]
r5
+ O(1/r7)
ρ =
βˆ[z − z0ψ0(z)]
r2
−
βˆz(z2 − z20)− 6βˆ[z0σ(z)− zσ(z0)]
r4
+ O(1/r6),
where
v(6)(z) =
{
[1− ψ0(z)]
∫ z
0
1− ψ20(z)
g2(z)
dz +
∫ z0
z
[1− ψ0(z)][1 − ψ
2
0(z)]
g2(z)
dz
}
. (54)
Up to the considered order, χ and Q have the same expressions as φ and r · s, while Bα
has the same expressions as Aα with β replaced by a new parameter βˆ. In the y coordinate
system the expressions are simplified:
χ1 = O(1/r
6),
χ2 = −1 +
β20(1− y
2)
2r4
+ O(1/r6),
v = 1−
2β20
f 2π
v(6)(y)
r6
+ O(1/r8),
Q =
γβ30
f 2π
(y2 − 1)(y2 − 5)
r8
+ O(1/r10), (55)
Bz =
βˆ0
r2
+ O(1/r6),
Br = O(1/r
7),
ρ = O(1/r6),
with
v(6)(y) =
{
[1− y]
∫ y
0
1− y′2
g˜2(y′)
dy′ +
∫ 1
y
[1− y′][1− y′2]
g˜2(y′)
dy′
}
. (56)
The parameter βˆ is fixed by
βˆz0 = −
ΛgˆA
4πfˆ 2π
, (57)
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where fˆπ and gˆA are the decay constant and the axial coupling in the isoscalar sector. gˆA can
be defined as the corresponding coupling in the SU(2) part, through the matrix elements
〈N, p|JˆAµ (0)|N
′, p′〉 = u¯N(p)(
1
2
)[γµγ5gˆA(q
2) + qµγ5hˆA(q
2)]uN ′(p
′), (58)
with q = p− p′, hence gˆA = gˆA(0). Since in the meson part the exact U(2) symmetry holds,
the equality fˆπ = fπ is always valid. Then gˆA is determined solely by the parameter βˆ in
the rotation solution; βˆ should vanish as 1/z0 if z0 =∞ [25].
IV. ASYMPTOTIC FORM FACTORS
A. Electromagnetic form factors
The instanton solutions can be used to calculate the nucleon form factors. The elec-
tromagnetic form factors, after Fourier transforming to the coordinates space, are given
by
G˜I=0E (r) =
1
4π
∫
dΩ〈p ↑ |
J0B
2
|p ↑〉 (59)
G˜I=0M (r) =
1
4π
∫
dΩ
1
2
εij3〈p ↑ |xi
J jB
2
|p ↑〉 (60)
G˜I=1E (r) =
1
4π
∫
dΩ〈p ↑ |Jµ=0,a=3V |p ↑〉 (61)
G˜I=1M (r) =
1
4π
∫
dΩ
1
2
εij3〈p ↑ |xiJ
µ=j,a=3
V |p ↑〉, (62)
where |p ↑〉 is a normalized state for a spin up proton. Replacing the soliton ansatz in the
definition of the currents, the form factors can be expressed as
G˜I=0E (r) = −
1
Nc
[
f 2(z)∂zs
]z0
−z0
, (63)
G˜I=0M (r) = −
1
6NcΛ
[
rf 2(z)∂zQ
]z0
−z0
, (64)
G˜I=1E (r) =
1
6Λ
[
f 2(z)(∂zv − 2(∂zχ2 − Azχ1))
]z0
−z0
, (65)
G˜I=1M (r) = −
1
9
[
f 2(z)(∂zφ2 − Azφ1)
]z0
−z0
. (66)
With the instanton solutions, we can calculate the form factors in the large distance region
either using the general solutions or the simplified ones in the y coordinate:
G˜I=0E (r)→
8γβ3z30
Nc
1
r9
, (67)
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G˜I=0M (r)→
4γβ3z30
3NcΛ
1
r7
, (68)
G˜I=1E (r)→
f 2πβ
2z20
3Λ
1
r4
, (69)
G˜I=1M (r)→
f 2πβ
2z20
9
1
r4
. (70)
These quantities depend on β through the combination βz0 [25], and remain finite regardless
z0 is infinite or not. The leading behavior of the isovector form factors is determined by χ2
and φ2. Moreover, using the expression (42) for βz0, we may express the asymptotic form
factors,
G˜I=0E (r)→
33
210π5
1
f 3π
(
gA
fπ
)3
1
r9
, (71)
G˜I=0M (r)→
3∆
210π5
1
f 3π
(
gA
fπ
)3
1
r7
, (72)
G˜I=1E (r)→
∆
25π2
(
gA
fπ
)2
1
r4
, (73)
G˜I=1M (r)→
1
26π2
(
gA
fπ
)2
1
r4
. (74)
The same results were found in the Skyrme model and in general chiral soliton models [23],
and were also derived in large Nc χPT [36]. As a consequence, one finds the ratio [23, 36]
lim
r→∞
r2
G˜I=0E G˜
I=1
E
G˜I=0M G˜
I=1
M
= 18. (75)
Compared to the results in refs. [23, 25], in the holographic framework we recover not
only the combination (75), but also the asymptotic form of individual form factors. The
asymptotic expressions are independent of the backgrounds, confirming the statement that
they are universal in large NC and chiral limits [36].
It is also possible to derive the next-to-leading terms for all the form factors in the
1/r expansion. For the isovector ones, the next-to-leading terms are O(1/r6), with the
coefficients proportional to L9. As discussed in section II, the terms related to O9 do not
appear in the Noether currents of the Skyrme model. As a result, the next-to-leading terms
of the isovector form factors in the Skyrme model are O(1/r10), with the coefficients related
to the Skyrme parameter.
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B. Goldberger-Treiman relation and the axial form factor
As a complement of the above derivation, we compute the axial coupling and the πNN
vertex. With the ansatz (28) the axial current can be expressed as
JA,aj = −
1
2
Tr[A(t)σbA†(t)σa]
{
ψ0(z)f
2(z)
[
Dzφ1
r
(δjb − xˆj xˆb)− Frzxˆj xˆb
]}+z0
−z0
, (76)
where Dzφ1 = ∂zφ1 + Azφ2. Asymptotically, we have
JA,aj ∼
βz0f
2
π
2r2
(δjb − 3xˆj xˆb) Tr[A(t)σ
bA†(t)σa]. (77)
In semiclassical approximation we have the reduced current conservation relation ∂iJ
A
i =
0 [22], which helps to simplify the integral
∫
d3xJAi :∫
d3xJA,ai = −
4π
3
f 2πβz0Tr[Aσ
iA†σa]. (78)
Evaluating the expectation value on the nucleon state, Eq. (42) is recovered. In the derivation
one needs the relation [22]
〈N |Tr[AσiA†σa]|N〉 = −
8
3
〈N |SiIa|N〉, (79)
with S and I the spin and isospin operators.
To obtain the πNN vortex, one needs to extract the pion field of the rotating instanton,
for which the chiral field U is
U(xµ) = P exp
{
i
∫ +z0
−z0
A(t)A¯z(x
µ, z′)A†(t)dz′
}
. (80)
This fixes the large distance behavior of the pion field:
πa ∼
βz0fπ
2r2
xˆiTr[A(t)σ
iA(t)†σa]. (81)
Taking the expectation value on a nucleon state, the πNN coupling can be computed [22],
〈N |πa|N〉 ∼ −
gπNN
2πMN
xi
r3
〈N |SiIa|N〉. (82)
Combining with Eq. (42), the Goldberger-Treiman relation is recovered:
gπNN
MN
=
gA
fπ
. (83)
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In the same manner, one can verify Eq. (57) finding the Goldberger-Treiman relation in the
isoscalar sector. A similar derivation has been carried out in the Sakai-Sugimoto model with
the linear approximation [19] .
The axial coupling is the value of the form factor at zero momentum. One can also study
the axial form factor in the coordinate space. Analogously to the electromagnetic form
factors, we define
G˜A(r) =
1
4π
∫
dΩ〈p ↑ |J j=3,a=3A |p ↑〉. (84)
The leading 1/r3 term of the axial current vanishes after the angular integration, hence higher
terms in the asymptotic solutions are needed. For simplicity, we use the y coordinate, with
the required fields given by
φ1 =
β30y(y
2 − 1)
3r6
+ O(r−8),
φ2 = −1 +
β20(1− y
2)
2r4
+ O(r−6),
Az =
β0
r2
−
β30
21r6
+ O(r−8), (85)
Ar = O(r
−9).
Substituting these into the definition (84) and using the relation (43), we find
G˜A(r)→
3
7 · 26π3
1
fπ
(
gA
fπ
)3
1
r7
, (86)
with the power implicitly indicated in ref. [21]. The next-to-leading term can also be ob-
tained, which turns to be O(1/r9). In this case, both the Skyrme term and O9 contribute
to the next term. It is not difficult to confirm the leading behavior in the Skyrme model.
The solution for Az in (85) implies that the corresponding solution for the chiral angle in
the Skyrme model is
F (r) =
β0
r2
−
β30
21r6
+ O(r−8). (87)
Indeed one finds this solution from the equation of motion in the original model. Substituting
this into the corresponding axial current [22, 37], one gets the asymptotic form factor (86).
Parallel derivation in the isoscalar sector is more involved, and currently under investigation.
18
V. CONCLUSIONS
We have extended to the baryon sector our analyses of the meson sector in a class of
holographic models. We have found model-independent expressions for various baryon form
factors at large distance, in agreement with the results of chiral soliton models and large NC
χPT predictions. These results support the validity of the holographic approach, confirming
that it captures key features of QCD in large NC and chiral limits. Our analysis suggests
that only when the full instanton solutions are considered the correct structure of currents
and form factors is recovered. The obtained asymptotic solutions will be useful to construct
full instanton solutions in this class of models.
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